Abstract: Based on the modified Darboux transformation method, starting from zero solution and the plane wave solution, the hierarchies of rational solutions and breather solutions with "high frequency" and "low frequency" of the coupled nonlinear Schrödinger equation in paritytime symmetric nonlinear couplers with gain and loss are constructed, respectively. From these results, some basic characteristics of multi-rogue waves and multi-breathers are studied. Based on the property of rogue wave as the "quantum" of pattern structure in rogue wave hierarchy, we further study the novel structures of the superposed Akhmediev breathers, Kuznetsov-Ma solitons and their combined structures. It is expected that these results may give new insight into the context of the optical communications and Bose-Einstein condensations.
Introduction
Nowadays, a vast variety of methods have been developed to obtain solitonic solutions of a given nonlinear partial differential equation [1] [2] [3] [4] [5] [6] [7] [8] . Rogue waves (RWs, also known as freak waves, monster waves, killer waves, extreme waves, and abnormal waves) are relatively large and spontaneous waves which is firstly recorded and studied in oceanography [9] . Generally speaking, RWs sometimes can be several times higher than the average wave crests.
Nowadays, RWs have flourished into a research area of great importance and interest in nonlinear optics [10] , plasmas [11] and Bose-Einstein condensations [12] , etc.
As we all know, rational solutions (also Peregrine solitons [13] ) as theoretical prototypes to describe RWs have been extensively studied. Akhmediev's group [14, 15] obtained rational solutions of the standard nonlinear Schrödinger equation (NLSE) and higher order NLSE. More recently, the time-periodic Kuznetsov [16] or Ma [17] (KM) soliton and the space-periodic Akhmediev breather (AB) [18] have become two prototypes to theoretically describe RWs [19, 20] . Rogue wave solutions of some generalised nonautonomous nonlinear equations in the nonlinear inhomogeneous fiber have also been discussed [21, 22] . However, all works [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] were done without considering parity-time (PT) symmetric medium.
The PT symmetry firstly appeared in quantum mechanics since Bender and coworkers [23] in 1998 pointed that non-Hermitian Hamiltonians exhibit entirely real spectra, provided that they respect both the parity and time-reversal symmetries. In optics, the first experiment of the PT symmetry was implemented in coupled optical waveguides with balanced gain and loss [24] . Spatiotemporal localizations in (3 + 1) -dimensional PT-symmetric and strongly nonlocal nonlinear media were studied [25] . The PT symmetry can also realised as a pair of linearly coupled optical waveguide (also called a dimer) composed of a passive waveguide carrying linear loss and its active counterpart imparted with a matched compensating gain [26] . Recently, breathers in PT-symmetric optical couplers were discussed [27] . Moreover, nonlinear tunnelling effect of combined KM soliton in (3 + 1)-dimensional PT-symmetric inhomogeneous nonlinear couplers with gain and loss was also investigated [28] . However, to the best of our knowledge, multi-RWs and multi-breathers have not been studied in PT-symmetric coupled optical waveguides although single breathers [27] and KM solitons [28] in PT-symmetric couplers have been reported.
In this article, we obtain the hierarchies of rational solutions and breather solutions with "high frequency" and "low frequency" of the coupled NLSE in PT symmetric nonlinear couplers with gain and loss via the modified Darboux transformation (DT) method. With the help of these results, we discuss some basic properties of multiRWs and multi-breathers. Based on the property of RW as the "quantum" of pattern structure in RW hierarchy, we further study the novel structures of the superposed ABs, KM solitons and their combined structures.
Model and Lax Pair
The dynamics of light beams and pulses in PT-symmetric nonlinear couplers with gain and loss can be described by the following NLSE [29] 
where z stands for time and x for the spatial coordinate in the frame moving with the pulse group velocity [30] . u(z, x) and v(z, x) are two normalised complex mode fields. Alternatively, this model can also describe one-dimensional array of PT-symmetric coupled waveguides with z and x being dimensionless propagation and transverse coordinates [31, 32] . In this case, the initial-value problem corresponds to an optical beam shone into the waveguides' input at given z = z i . Here the Kerr nonlinearity coefficients in the two waveguides (coefficients in front of |u| 2 u and |v| 2 v) have equal. They are self-focusing nonlinearity in the case of beams and the anomalous dispersion with positive Kerr nonlinearity in the case of pulses. The first terms in the right-hand sides of (1) denote the coupling between the modes propagating in the two waveguides. The second terms in the right-hand sides account for the gain in one and loss in the other waveguide, which describes the PTbalanced gain in the first equation of (1) and loss in the second equation of (1). The gain and loss coefficients are taken equal to conform to the PT-symmetry condition [33] . In optics, this setting can be realised using a system of two lossy parallel-coupled waveguides, doped by gain-providing atoms, in which only one waveguide is pumped by the external source of light which supplies the gain.
When the gain/loss term is small enough, such as γ ≤ 1, the energy through linear coupling is transferred from the core with gain to the lossy one, and modes can be excited in the system by input beams but do not arise spontaneously. Without loss of generality, it is convenient to make a change of variable with γ = sin(θ). Along the idea of [29] , we make the following change of variables
Inserting this relation into (1), and assuming U = V = ψ yields 
It is clear that the frequency ω of {u + , v + } is higher than that of {u − , v − }. Therefore, we can name two solitons after the "high frequency" and "low frequency" solutions. Similar low-and high-frequency solitons have been analysed before [27, 29, 31, 32] . Note that authors only studied "high frequency" solitons in [31] . Also note that these "high frequency" and "low frequency" solitons have not been reported in the system without PT-symmetric terms. In this meaning, the transformation from coupled NLSE with PT-symmetric terms into a standard NLSE provides a way to study the "high frequency" and "low frequency" solitons in PTsymmetric system. Equation (3) is a condition of compatibility of the two following linear equations 
where the column matrix R satisfies
with two linear complex functions r = r(z, x), s = s(z, x) and the square matrices U, J, V and M are in the form
where * denotes the complex conjugate and λ is a complex eigenvalue. It is easy to verify that Eq. (3) can be recovered from the compatibility condition R xz = R zx . According to the relations above, we can easily write down the scalar set of equations for the linear equations (4) as follows 
RW Solutions and Structures
According to the modified DT technique in [14, 15] , the one-to-one correspondence between the solution ψ of (3), and the solutions r and s of the linear system (4) or (8) is constructed, thus solution ψ of (3) can be derived by solving the linear system, which is easier to be solved. The modified DT technique starts from the trivial solutions of (3), such as the zero solution ψ 0 = 0 or the planewave solution ψ 0 = exp(iz). Then via the following scheme ψ 0 → (r 1 , s 1 ) → ψ 1 → (r 2 , s 2 ) → ψ 2 → (r 3 , s 3 ) → u 3 …, the trivial "seeding" solutions of (3) to generate more complicated solutions, and the relation between the given "seeding" solution and the next level solution is expressed as
where the index j is related to the order of the solution in the hierarchy, ψ j−1 is the solution of the previous step while ψ j is the solution of the next step. Different "seeding" solutions results in different complicated solutions. For example, the zero "seeding" solution allows us to construct the hierarchy of multisoliton solutions, while the plane-wave "seeding" solution leads to the hierarchy of solutions related to modulation instability or rational solutions [14, 15] . For rational solutions, the complex eigenvalue λ = i.
In the following, we start from the seeding solution ψ 0 = exp[i(2 − a 2 )z] to obtain RW solutions. We split the functions ψ(z, x), r j and s j into their real (with the subscript r) and imaginary (with the subscript i) parts and factor out the exponentials: 
where [14, 15] are used.
For the lowest order j = 1, φ 0r = 1 and φ 0i = 0. Substituting them into the linear equations (11), one obtains
with the arbitrary constant k. From the recurrence formula (9), we have the firstorder rational solution
where
In the next step, we solve the linear equations with the ψ function obtained at the previous step, ψ = ψ 1 , to derive r 2 , s 2 . For the lowest order j = 2, 
with the arbitrary constant p. Thus, the recurrence formula (9) admits us to obtain the second-order rational solution Note that these expressions (15) and (17) have different forms compared with second-order and third-order RWs of standard NLSE in [14] because there are arbitrary constant p in the expressions r 2r , r 2i , s 2r and s 2i , and arbitrary constant q in the expressions r 3r , r 3i , s 3r and s 3i .
Therefore, along this procedure, for any n-order, we can write the solution of (3) as follows
where G n , H n and D n are polynomials in the two variables z and x, and they can be obtained from r n and s n by solving the linear equations (11) . From (2) and these expressions of ψ n as (13), (15), (17) and (18), we can obtain RW solutions with the "high frequency" as {u + , v + } and "low frequency" as {u − , v − } of coupled NLSE (1) . Note that multi-RWs have not been studied of system (1) although first-order RW (single RW) has been reported in [34] . Figure 1 exhibits the first-order, second-order and third-order RWs. Obviously, the solutions (11), (13) and (15) shows that the background magnitude level of RWs is always 1, and the maximal values of these RWs are 3, 5 and 7 in Figure 1 , respectively. The highest amplitude of the wave field reaches the values 2n + 1 for the n-order solution.
In [35] , authors have reported that three first-order RWs, rather than just two, can construct the second-order rational solution. The reason is that the highest power of the denominator d n (z, x) of the nth-order rational solution is n (n + 1), and we can suppose that the general n-th order RW can be approximated as follows:
where the denominators are
There are n (n + 1)/2 terms which produce n(n + 1)/2 components in the complete solution. These related results have been presented in [35] , thus we omit these similar discussions.
In [19] , authors have been mentioned that first-order RW can be considered as a "quantum" to construct pattern structures of RW hierarchy including higher-order RWs and breathers, etc. In next section, we construct breather solutions.
Breather Solutions and Structures
In order to illustrate the solving procedure more clearly, two linear functions in (8) can be re-written as r = r nj (z, x) and s = s nj (z, x) [36] , where the subscript n is the order number and j is related to the eigenvalue λ j . Note that different eigenvalues in the same order number are used to distinguish different lower order solutions. For example, when n = 1, the single eigenvalue is λ 1 (j = 1). When n = 2, eigenvalues are λ 1 and λ 2 for j = 2. Along the procedure of [36] , the seeding solution in a plane wave form is chosen as u 0 = exp[i(2 − a 2 )z] with the purely imaginary number λ. The compatibility of system (8) 
with the subscripts r and i denoting real and imaginary parts, and 
with ν 1 = Im(λ 1 ) and δ 1 = ν 1 κ 1 . When 0 < ν 1 < 1, this solution (21) describe AB, and when ν 1 > 1 (κ 1 is imaginary), this solution (21) 
Therefore the second-order solution of NLSE (3) read   2  2  2 21 21  2  2  2  1  2  2  2  21 21
Here κ is the modulation frequency, z j and x j determine the center of solution in z − x coordinates.
When the values of Im(λ 1 ) and Im(λ 2 ) are both between 0 and 1, this solution (24) describe two ABs. When the values of Im(λ 1 ) and Im(λ 2 ) are both bigger than 1, this solution (24) describe two KM solitons. For the values of Im(λ 1 ) and Im(λ 2 ), When one of them is bigger than 1, and another is between 0 and 1, we can construct an AB and a KM soliton together.
Especially, when κ 1 ≠ 0 and κ → 0, from solution (24), we can construct an AB or a KM soliton with a Peregrine soliton, and these expressions of L 2 , M 2 and N 2 in solution (24) read 2  2  2  2  2  1  1   2  2  2  2  1  1  2  2   1   2  2  2  2  2  2  2  2  1 In order to obtain higher order solution, higher order versions of these expressions for r and s can be defined as [37] 
where L n , M n and N n can be generated from the above procedure. From (2) and these expressions of ψ n as (21), (24), (25) and (27), we can obtain breather solutions with the "high frequency" as {u + , v + } and "low frequency" as {u − , v − } of coupled NLSE (1) . Note that these second-order breather solutions have not been reported in the system without PT-symmetric terms. Figure 2a , two RWs in the array with the smaller value of z and a RW in the array with the bigger value of z triangularly arrange and form a triplet, and another RW in the array with the smaller value of z has no counterpart in another array. The triplet merges into a second-order RW and the pair-less RW remains the first-order RW when they share the same origin, and the superposed AB is constructed in Figure 2b . This superposed AB produces as a chain of the second-order RW-like structure alternating with the firstorder RW-like structures.
When κ 1 :κ 2 = 2:3, the ratio of the numbers of RWs in two arrays of KM solitons is also 2:3 ( Figure 2c ). In the left or right region of Figure 2c , there are five first-order RW-like structures. When they share the same origin, the quin-RW-like structure produce. In Figure 2d , the superposed AB is a series of quin-RWs which are localised in z-axis and periodic in x-axis.
When the ratio of κ 1 and κ 2 has other values, we can also construct other structures. For example, κ 1 :κ 2 = 1:2, in Figure 2f , the superposed AB is a chain of triplets which build from three first-order RWs in Figure 2e .
These superposed two-AB structures are firstly reported although some nonlinear superposition of two ABs for standard NLSE has also been studied in [36] . Similar structures repeating along the x axis appear in the AB cases, although the integer ratios in this situation must be applied to δ 1 :δ 2 . For the length of limit, we omit their structures.
Besides two-ABs and two-KM solitons, we can also discuss a AB crossing a KM soliton when one of the values of Im (λ 2 ) and Im (λ 2 ) is between 0 and 1, and another is bigger than 1. Figure 3 demonstrates two cases of ABs crossing KM solitons. In Figure 3a , the crossing location is between two RWs of KM soliton, thus AB and KM soliton intersect without interaction. In Figure 3b , one of RWs in KM soliton interact with the AB in the intersection, thus a second-order RW appears in the crossing location, which is firstly reported although the crossing AB and KM soliton for standard NLSE in Figure 1a has been studied in [36] . This difference of structures originates from the different shifts z 2 of KM solitons in two cases. Thus we can modulate this parameter to construct different structures.
At last, we discuss the PS combined by AB and KM soliton from solution (25) . Here we give a nonlinear superposition structure of an AB with a PS in Figure 4 , where the PS is parallel with the AB, and they are separated. Moreover, the PS is embedded in the AB can be also constructed like in [36] .
In conclusion, via the modified DT method, starting from zero solution and the plane wave solution, the hierarchies of rational solutions and breather solutions with "high frequency" and "low frequency" of the coupled NLSE in parity-time symmetric nonlinear couplers with gain and loss are constructed, respectively. From these results, some basic characteristics of multi-RWs and multi-breathers are studied. Based on the property of RW as the "quantum" of pattern structure in RW hierarchy, we further study the novel structures of the superposed ABs, KM solitons and their combined structures.
Note that we only consider the case with the same Kerr nonlinearity coefficient of both the waveguides. If there is a slight mismatch between the Kerr nonlinearity coefficient of the two waveguides, it is difficult to transform a coupled NLSE into a single NLSE. Therefore, exact multiRWs and multi-breathers can not be derived. In this case, we can use direct numerical simulation to study how the propagation of the RWs will be affected by mismatched Kerr nonlinearity. This issue requires a separate report (in preparation).
